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Problems of formalization of adequate analytical models of an increment of new segments of city 

systems on the basis of optimum control of financing of investment projects are investigated. 
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 3.  
 

 
-

[7, 8].  
: 

 x*(t)  
 

 [t0,  T], -
 x(t0) = x0,  -

   [t0,  T]  
-

 [ , T]  x( ) 
= x*( )  

 x*(t). -
: 

J(x( ), u(t)) = dttutxtF
t

t

1

0

))(),(,(  + … 

…+ 0(t1, x(t1))  max.                        (1) 
( ) ( , ( ), ( ))x t f t x t u t ,    x(t0) = x0,           (2) 
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u(t)   Ut,                                           (3) 
 J* – -

 (x*(t), u*(t)). 
 

   [t0,  T] -
  (1 –3) 

t0= , x( )= .  J*( , ),  
 

,  
. 

,  J* = J*( t0, x0). 
 

J*(t, x)  
, ,  x=x*(t). 

 
dt. -

 
x*(t + dt)  x*(t) + dx*(t), 

,  (2), 
dx*(t) = f(t, x*(t), u*(t))dt. 

 (1)  
 [t, t + dt]  

 

 ( , * ( ), * ( ))
t dt

t

F t x t u t dt   F(t, x*(t), 

u*(t))dt, ,  
,  

J*(t+dt,x*(t+dt)). , -
 [8]: 

J*(t, x*(t))  F(t, x*(t), u*(t))dt + J*( t 
+ dt, x*(t + dt)).                                    (4) 

,  
u*(t),  (4) -

: 
J*(t, x(t))  

( )
max

tu t U
{F(t, x(t), u(t))dt + 

J*( t + dt, x(t + dt))}.                        (5)  
, -

 J*(t, x) , -
 dt  0  

: 

– *( , )J t x
t

=
tUtu )(

max {F(t, x(t), u(t)) + 

x
xtJ ),(*

f(t, x(t), u(t))}.                (6) 

 (6)  
-
 

 J*(t, x).  
. 

-
-

 t = t1, : 
J*(t1, x(t1)) = 0(t1, x(t1)).         (7) 

,  
 (6) -

. -
 (1  –  3)  -

. -
 [8]: 

J(x( ), u( )) = 
1

0
( , , )

N

i i i i
i

F t x u t  + 0(xN)  

max.                  (8) 
xi+1 = f(xi, ui),    x0 – .                (9) 
ui   Ui,                                              (10) 

, -
 

x=(x0,x1,…, xN)  RN+1,  –  
u=(u0,u1,…, uN–1)  RN. 

 (8) – (10)  
: 

Ji*(xi) = max
i iu U

{F(ti, xi, ui) ti +  Ji+1*( f(xi, ui))},  

(11) 
 JN*(xN) = 0(xN). 

 (11) -
 

 (11)  i = N–1, N–
2, …, 0 ( ).  

 
 ui* -

 xi. -
 ui*(xi) -

-
 x0. 

,  
, -

,  
 

u*(t) ( ),  
-

 u*(t, x) ( -
), -

 
 [7]. 

,  
.   ti 

 1. -
,  

.   
Vk(x) = JN -k*(x), 



. , . , .   

106 

. ,  
 k* ,  

x.  
 Vk(x) : 

Vk(x)= max
u U

{F(x, u) + Vk
*

-1(f(x, u)),        (12) 

: V0(x) = 0(x). 
-
 

, D 
> 0,  
N , ,  

, -
 i  Fi(ui) = ln ui, : ui – -

,  i . ( ,  
-

). 
 

: 

J(u) = 
N

i
iu

1
ln  max;                (13) 

N

i
iu

1
 D;    D > 0. 

 
.  
,  

) -
, , -

 
. 

 
 i,  -

. -
 ui  i . 

 xi -
,   i  (i =  1,  N). 

,  
xi+1 = xi – ui;       x1 = D.                   (14) 

-
,  

 
0  ui  xi.                                         (15) 

, (13 – 15)  
-

.  
 [8].  Vk(x) 

,  
 k*, .  -

 n  ( ,  -
, -

, -
-

). 
, 

,  
. 
 

V0  V0(x) = 0(x)  0. 
, -

. 
 k* =  1   

 (12) : 
V1(x) =  

0
max

u x
{ ln u + V0(x  – u)} = …  

…=
0
max

u x
{ ln u } = ln x ,  uN*( x) = x. 

, -
 k* = 2 : 

V2(x) = 
0
max

u x
{ ln u  + V1(x – u)} = … 

…=
0
max

u x
{ ln u + ln(x – u)}. 

 

 u  [0, x]  u*(x)=
 2

x , 

 V2(x)=2ln
2
x . ,  

 uN–1*( x) =
2
x . 

,  k* = 
0,…, N  (N+1–
k*)  k*  

: 

uN+ 1 – k*( x) =
*k

x ,       Vk(x) = k* ln
*k

x .   (16) 

, -
 (N+1–k*).  

 k* 
[8]: 

Vk+1(x) = 
xu0

max { ln u + Vk(x  – u)} = 

xu0
max { ln u + k* ln 

*

x u
k

}. 

 (u) = ln u + k* ln x u
k

. 

 
(uN–k) : 

dA
du

=
u
1 – 

*k
x u

 = 0, 

 

uN–k*( x) = * 1
x

k
,    Vk+1(x) = (k*+1) ln * 1

x
k

. 
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,  
 

. -
 N  

,  D: 

u1*( x1) = 1x
N

= D
N

;     x2 = x1 – u1* = D – D
N

 

= ( 1)D N
N

; 

u2*( x2) = 2

1
x

N
= D

N
;     x3 = x2 – u2* = 

( 1)D N
N

– 
N
D  = 

N
ND )2( ; 

uk*( xk) =
kN

x k

1
= D

N
;     xk+1 = xk – uk* = 

( 1 )D N k
N

– D
N

 = ( )D N k
N

; 

, -
 

: 

u* = ( D
N

, D
N

, …, D
N

).                   (17) 
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